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ON IDEAL CONVERGENCE OF DOUBLE SEQUENCES IN THE
TOPOLOGY INDUCED BY A FUZZY 2-NORM

LJUBISA D.R. KOCINAC!, MOHAMMAD H.M. RASHID?

ABSTRACT. In this paper we introduce and investigate Zs-convergence, Z5-convergence, Zo-limit
points, and Za-cluster points of a double sequence in a fuzzy 2-normed linear space. We prove
a decomposition theorem for Zz-convergence of double sequences. The notions of Zz-double
Cauchy and Z5-double Cauchy sequence are defined, and some of their properties are studied.
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1. INTRODUCTION

In 1965, Zadeh [41] introduced the notion of fuzzy sets and since then fuzzy set theory found
very useful applications in various fields of mathematics and many other sciences. In particular,
a number of papers deals with fuzzy real numbers introduced in [8]. In this paper we are
interested in ideal convergence of double sequences in fuzzy 2-normed linear spaces.

The concept of 2-normed spaces was introduced by Géhler [20] in the 1960’s, and then this
concept has been studied by many authors [7, 11, 12]; for more information see [37].

The idea of fuzzy norm was initiated by Katsaras [27], and Matloka [32] introduced conver-
gence of sequences of fuzzy numbers. After that a big number of works dealing with fuzzy norms
and fuzzy numbers, in particular with convergence of sequences of fuzzy numbers, appeared in
the literature (see, for example, [15, 21, 22, 31, 35, 38]). By using fuzzy numbers Felbin [18]
defined a fuzzy norm on a linear space whose associated fuzzy metric is of Kaleva and Seikkala
type [24]. Cheng and Mordeson [9], and also Bag and Samanta [4] introduced a fuzzy norm on a
linear space whose associated fuzzy metric is of Kramosil and Michalek type [30]. In [5], a com-
parative study of the fuzzy norms defined by Katsaras [30], Felbin [18], and Bag and Samanta
[4] was given.

Using the concept of ideal, Kostyrko et al. [28] introduced the notion of ideal convergence
which is a common generalization of ordinary convergence and statistical convergence [17, 19,
29, 40, 14] and provides a general framework for study of various kinds of convergence. Ideal
and statistical convergence were studied in the fuzzy set theory context from different points of
view (see [1, 2, 3, 6, 16, 23, 25, 26, 33, 36, 39]).

This paper is organized as follows: In the second section, we present some preliminary def-
initions and results related to fuzzy numbers, fuzzy normed spaces and ideal convergence. In
the third section, we introduce the notions of IQE—convergence and I;‘E—convergence of double
sequences in a fuzzy 2-normed space E and prove some basic results in this connection. We
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also study the concepts of If-limit points and If-cluster points of double sequences in fuzzy 2-
normed spaces. In fourth section, we introduce the notions of Z4’-double Cauchy and Z;-double
Cauchy sequences in a fuzzy 2-normed space.

Throughout the paper N and R denote the set of natural numbers and real numbers, respec-
tively. J denotes the closed unit interval [0,1] C R, and Z; is an ideal on N x N.

2. DEFINITIONS AND PRELIMINARIES

In this section we recall some basic definitions and notions related to 2-normed spaces, fuzzy
numbers, fuzzy normed and fuzzy 2-normed spaces, and ideal convergence.

Definition 2.1. ([20]) Let X be a real vector space of dimension d, 2 < d < co. A 2-norm on
X is a function ||.,.|| : X x X — R which satisfies:
(i) |lz,y|l = 0 if and only if x and y are linearly dependent;
(i) flz yll = lly, 2|l for all z,y € X;
(iii) ||ex,y|| = |e|l|lz, y|| for all xz,y € X and c € R ;
(i) |lz+y, 2| < |z, 2| + |y, 2| for all z,y,z € X.
The pair (X, ||, .||) is called a 2-normed space.

Definition 2.2. ([8], [18], [24]) A fuzzy real number, or simply fuzzy number, is a fuzzy set
X : R — [0, 1] having the following properties:
(a) X is normal (i.e. there exists a to € R such that X (to) = 1);
(b) X is fuzzy convex (i.e. forr,s € R and A € J =10,1], X(Ar+(1-X)s) > min{X (r), X(s)});
(c) X is upper semi-continuous (i.e. X< ([0,t 4+ €)) is open in R for each t € J and each
e>0);
(d) The closure of the set [X|p:= {t € R: X(t) > 0} is compact.

Let F(R) be the set of all fuzzy real numbers. For X € F(R), the a-level set of X [18] is
defined as:
{teR: X(t) > a}, ifo<a<l,
[(X]a = . : _
Cl{t e R: X(t) >0}), if a=0.
A real number x can be considered as a fuzzy number T defined by

(t) = 1, ift=u;
WV o, it

i.e., R can be embedded in F(R).
It is easy to show that X is a fuzzy number if and only if [X], is a nonempty bounded and
closed interval for each « € [0, 1]. We denote this interval [X], = [X, XT] (see [21]).

Remark 2.3. The above definition of fuzzy numbers slightly differs from that of [18], where
X, = —o00 and X} = +oo are also admissible, and the zero-level set is not considered.

A fuzzy number X is called a non-negative fuzzy number if X (t) =0 for ¢t < 0. Let F*(R) be
the set of all non-negative fuzzy numbers. Clearly, X € F*(R) if and only if X, > 0 for each
a € J,and 0 € F*(R).

A partial order < on F(R) is defined by X <Y if and only if X, <Y, and X <Y, for
all @ € J. The strict inequality < on F(R) is defined by X < Y if and only if X, <Y, and
X+ <Y forall aeJ.

Let X,Y € F(R), define

d(X,Y) = sup max{|X, - Y|, \X; Y}
a€l0,1]
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Then d is called the supremum metric on F(R). It is known that (F(R),d) is a complete
metric space (for details see [24]).

Let (X%) be a sequence in F(R) and Xy € F(R). We say that (Xj) converges to Xo with respect
to the metric d if klim d(Xg, Xo) = 0. In this case we write X, 4, Xo or d — limy_y00 Xi = Xo,
— 00
Now we define the notion of fuzzy 2-normed space.

Let E be a real vector space with the zero element 6, let ||.,.|| : E x E — F(R), and let
the mappings L, R : [0, 1] x [0,1] — [0, 1] be symmetric, non-decreasing in both arguments and
satisfy L(0,0) =0 and R(1,1) = 1.

Definition 2.4. The quadruple (E,|.,.||, L, R) is called a fuzzy 2-normed space and ||.,.| a
fuzzy 2-norm, if the following axioms are satisfied:
(2FN1) || X,Y|| =0 if and only if X and Y are linearly dependent;
(2FN2) M X, Y| = X, Y, A € R;
(2FN3) For all X,Y,Z € E,
W) X +Y, Z|[(r +s) = L(IX, Z|[(r), Y, Z|(5)), whenever r < [|X, Z]|;,s < [, Z]|;
andr+s < || X+Y,Z|,
(i) [X +Y, Z||(r +s) > R(|X, Z|[(r), [IY; Z|[(s)), whenever r > || X, Z|[;,s > ||, Z]|;
andr+s> || X+Y,Z|]

In the sequel we take L(p,q) = min{p,q} and R(p,q) = max{p,q}, for all p,q € [0,1] and
write (E, |.,.||) or simply E, for such L and R.

Remark 2.5. If L = min, then the triangle inequality (2F N3)(i) in Definition 2.4 is equivalent
to the triangle inequality | X +Y, Z||, < || X, Z||, + 1Y, Z||,,, for all X,Y,Z € E and « € [0, 1],
while the inequality (2FN3)(ii), with R = max, is equivalent to | X +Y,Z|} < |X,Z|} +
Y, Z||t, for alla €[0,1] and X,Y,Z € E.

In fact we have the following result.

Lemma 2.6. For L = min and R = max, we have that for each a € [0,1], | X, Z]|, and
| X, Z||" are norms on E in the usual sense.

The following example is similar to [21, Example 2.1] concerning fuzzy normed linear spaces.

Example 2.1. Let (E,|-,||,) be an ordinary 2-normed linear space. Then a fuzzy 2-norm on
E can be obtained as

1. |X,Y] =0if X and Y are linearly dependent;
2.
0, if0<t<al|X, Y|, ort>0b|X,Y],;
| X, Y||(¢) = m_ﬁv if af| X, Y[, <t <[ X, Y|;
if X and Y are linearly independent and 0 < a <1, 1 < b < oc;

Hence (E, ||.,.||) is a fuzzy 2-normed space. The fuzzy 2-norm considered above is called a
triangular fuzzy 2-norm.

For X € E, e > 0 and « € [0, 1], the (e, «)-neighborhood of X is the set
Ux(g,a) ={Y € E: | X -V, Z| <e, forall Z € E}.
The (e, a)-neighborhood system at X is the collection
Ux ={Ux(g,a) : € >0, € [0,1]},
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and the (e, a)-neighborhood system for E is the union U = |Jxcp Ux. It is easy to see that U
generates a first countable Hausdorff topology on FE.

Definition 2.7. Let (E,|.,.||) be a fuzzy 2-norm space. A sequence {Xy} in E is said to be
convergent to Xy € F with respect to the norm on E, and we denote this by X — Xg, provided
d — limp_yoo | Xk — X0, Z|| = 0 for all Z € E, i.e., for every ¢ > 0 there exists an integer
ko = ko(g) in N such that d(|| Xy — Xo, Z||,0) < &, for k > k.

This is the same as to say that for every € > 0 there exists an integer ko(¢) in N such that

sup || Xk — Xo, Z||L = | Xk — Xo, Z||§ < &, for k > ko.
a€l0,1]
In terms of neighborhoods, we have X — Xy, provided that for every € > 0 there exists an

integer ko(e) in N such that X € Ux,(g,0) for all k > kg and all Z € E.

Finally, we give some basic facts about classic notions ideals and filters.

Let Y # (). Then:

1. A family Z of subsets of Y is said to be an ideal in Y provided the following conditions
hold: (i) if A,Be€Z,then AUB€Z,and (ii) AcZand BC Aimply BeZ. If Y ¢ Z, then Z
is called a proper ideal.

2. A non-empty family F of subsets of Y is said to be a filter on Y if (i) 0 ¢ F,(ii) if A, B € F,
then AN B € F, and (iii) A€ Fand AC BCY imply B € F.

A proper ideal 7 is said to be admissible if {x} € T for each x € Y. An admissible ideal Z on
N is said to have the property (AP) [28] if for any sequence {41, As, - - - } of pairwise disjoint sets
of Z, there is a sequence { By, Ba, - - - } of sets such each symmetric difference A;AB;(i =1,2,--+)

o

is finite and U B, eT.
i=1
If 7 is a proper ideal on Y, then the family
FI)={MCY:3AcI - M=Y\A}

is a filter in Y. It is called the filter associated with the ideal ZI.
In what follows the symbol Z denotes an ideal on N x N, and (E, ||.,.||) is a fuzzy 2-normed
space.

3. IDEAL CONVERGENCE IN FUZZY 2-NORMED LINEAR SPACES

In this section we introduce the notions of IQE—convergence and I;E—convergence of a double

sequence in a fuzzy 2-normed space (E, ||, .|| and present some basic results on this convergence.
We also introduce the notions of Zo-limit point and Zs-cluster point of a double sequence in
(B[], [l

We begin with the following definition.

Definition 3.1. A double sequence {X;i} in a fuzzy 2-normed space (E,||.,.||) is said to be
E-convergent to Xg if for every e > 0 and each Z € E there exists a positive integer ng = ng(e)
such that

Xk, Z € Ux,(€,0) for each j,k > ny.
In this case we write E-lim || X, — XO,ZH(J)r =0.

Definition 3.2. Let (E,||.,.||) be a fuzzy 2-normed space and Iy an ideal on N x N. A double
sequence {X;i} in E is said to be TF-convergent to X € E with respect to the fuzzy 2-norm
on E if for each € > 0 and each Z € E, the set A(e) := {(j,k) € Nx N : || X, — XO,ZHSL > e}
belongs to Z,.
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7 B
In this case, we write X;; — Xo. The element X is called the Z&°-limit of {X} in E.

E
Remark 3.3. (a) In terms of neighborhoods, we have X, Ii) Xo, provided that for each € > 0
and Z € F,

{(4,k) e NxN: X, Z ¢ Ux,(¢,0)} € Iy.

The above definition can be expressed also in the following way:

IE

Xji = Xo <15 — lim || X5 — Xo,Z||§ =0, forall Z € E.
J,k—00
(b) Note that T — lim; ;00 || X & — Xo, Z||g =0, for all Z € E implies

¥ —lim || X5, — Xo, Z||, = Z¥ — lim || X, — Xo, Z||

for each a € [0,1] and each Z € E.

(It is because 0 < || Xjx — Xo, Z||, < lim || Xj — Xo, Z||7 < || Xjx — Xo, Z||{, holds for each
(j,k) e Nx N, a € [0,1] and each Z € E.)

Example 3.1. (1) If we take Zy = Zp, = {A C N x N : A is finite}, then Zg, is a non-trivial
admissible ideal of Nx N, and the corresponding convergence coincides with ordinary convergence
with respect to the fuzzy 2-norm on E (Definition 3.1).

(2) If we take Zy = Zs, = {A C N x N : d2(A) = 0}, then Zs, is a non-trivial admissible ideal
of N x N, and the corresponding convergence coincides with statistical convergence with respect
to the fuzzy 2-norm on F.

Proposition 3.4. Let (E,|.,.||) be a fuzzy 2-normed space. If a double sequence {Xi} is
If—convergent with respect to the norm on F, then IQE—limit 1S uNiquUe.

r ¥
Proof. Let us assume that X 25 X and Xk 25Y), where Xg # Yj. Since X( # Yy, select
e > 0 so that Ux,(e,0) and Uy, (e, 0) are disjoint neighborhoods of X and Yj. Since Xy and Yp
both are ZF-limit of the sequence {X 1}, we have that for each Z € F the sets

A={(j,k) eNxN: || Xjp — Xo,Z|IJ >¢}
and
B ={(j,k) e NxN: || X;s Yo, Z||y = ¢}
both belong to Zs. This implies that the sets
A°={(j,k) ENx N: || X;x — Xo, Z||y < ¢}
and
B®={(j k) € N xN:[|X;s — Yo, Z]|y <&}
belong to F(Zz). In this way we obtain a contradiction to the fact that the neighborhoods
Ux,(g,0) and Uy, (e,0) of X and Yy are disjoint. Hence we have X = Y. O
Proposition 3.5. Let (E,||.,.||) be a fuzzy 2-normed space. Then we have
(1) If E- limHXjk XO,ZHg =0, then IQE-hmHXJk XO,ZHg =0;
(2) If Xji, —>X0 and Yy, —>Y0, thenXk—i—Yk —>X0+Y0,
(3) If X H Xo and c € R then cX —> cXo;
(4) 1If

IF
4 k——)Xo and Y. jk—_>Y07 theank~Y}k——>X0')/0;
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E

(5) If Xji 2 Y = Zji, for all (j, k) € NxN belonging to the set B € F(Iy), and Xy xz, Xo
v r
and Zjy, 25 Xy, then Y 25 Xp.

Proof. (1) Suppose that E-lim || X, — Xo, ZH(J)r = 0. Let € > 0 and Z € E any nonzero element.
Then there exists a positive integer n such that || X;; — X, Z||ar < ¢ for each j, k > n. Since

A={(j,k) e NxN:|X k—Xo,ZHO >e} C{L,2,--- ,n—1}x{1,2,--- ,n—1}
and the ideal Z, is admissible, we have A € Z. This shows that ZJ-lim || X ;5 — Xo, Z||(J)r =0

F zF
(2) Suppose that X, 24 X, and Yji 25 Yp. Since ||., HSF is a 2-norm in the usual sense, we
get
(X5 + Yii) = (Xo + Y0), Zllg < 1 X5k = Xo, Zllg + 1V — Yo, Zlg (1)

for all (j,k) € N x N. Put
( ) = {0, k) € Nx N [|(Xjr + Vi) — (X0+Yo),Z||O+ > e},
A1(5) = {(J, k) € Nx N [|Xj — Xo, Z[|g > 5},
A2(5) = {(J, k) e Nx N: [V, = Yo, Z||§ > 5}
By assumption, we have that A;(5) and A2(§) belong to Z, and so A;1(5) U A2(5) € Zz. From
(1) it follows that A(e) € A1(5) U A2(5). This implies that A(e) € Zy. This proves (2).

(3) Since Xy, ﬁ X, we have
A1) ={(j, k) e NxN: || X1, — Xo, Z||§ <1} € F(T).
Now ||.,.|l§ is a 2-norm in the usual sense, so that
X85 = XoYo, ZIIF < I1XGk, ZII 1Yk — Yo, ZIIF + 1Yo, ZII5 1 X6 — Xo, ZI[5 -
For (j,k) € A(1), we have || Xy, Z||I < || Xo, Z||§ + 1 and it follows that
X85 = XoYo, ZIIF < (1X0. ZIIg + DIIYs — Yo, Z|I§ + 1Yo, ZIS 1 Xk — X0, Z]l5. (2)
Let € > 0 be given. Choose A > 0 such that
€

0<2x< (3)
1Yo, Zll§ + 11 X0, Z||g +1

r r
Since X, 25 X, and Yii 24Y, , the sets
A1(N) = {0, k) € Nx N || X — Xo, Z||g < A}
and
As(\) = {(G k) € Nx N [V = Yo, Z|lg < A}
belong to F(Zs).
Obviously, A(1) N A1(A) N A2(X) € F(Zz) and for each (j, k) € A(1) N A1(A) N A2(N), we have
from (2) and (3),
[ X6Y5 — XoYolg <e.
E
This implies that {(_], ]{7) e NxN: HX]k . Y}k — X() . Y()Ha_ > E} S ZQ, i.e., Xjk . Y}k Ii) X() . Yo.
(4) Let ¢ € R. If ¢ = 0, we have nothing to prove, so we assume that ¢ # 0. Let £ > 0 be
given. Since ||.,.||§ is a 2-norm in usual sense, ||cXjy, Z||3' = |c||| Xk, ZHS'.
E
Since Xy, I—2> X, we have

A(e) ={(j.k) e Nx N : || X, — Xo, Z||§ > ¢} € Io.
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Let Ai(e) = {(j, k) € Nx N [[cXj1 — cXo, Z||Sr > e¢}. We need to show that A;(e) is contained
in A(e1). Let (t,s) € Ai(e), then & < ||cXys — cXolld = |e]||Xss — Xo||7. This implies that
| Xes — Xollg > ‘%‘ = ¢1. Therefore (t,s) € A(e1). Then we have A;(¢) C A(e1). By the
definition of the ideal, we get A;(¢) € Zo which proves (4).

E
5) Let e > 0 and W € F be given. From X §—> X it follows
J

Ai(e) ={(j.k) e Nx N: | Xj — Xo, W|I > e} € T,

and from Zjy, i Xy it follows
As(e) ={(j.k) e Nx N: || Zj, — Xo, W]y > e} € To.
We shall prove
C:={(j,k) ENxN:||Yjp — Xo,W|j > e} C Ai(e) UAs(e) U(N*\ B).

Let (p,q) € C. If (p,q) € N?\ B, then (p,q) € A1(e) U A2(e) U (N?\ B). Assume now (p, q) € B.
Then [|Yp, — Xo, W|| > €. Since Z,q = Y,q we have [|Z,q — Xo, W[/ > ¢, hence (p, q) € As(e).
Therefore, (p,q) € A1(e) U A2(e) U (N? \ B). Because the last set is in Zy, we get C' € Ty, i.e.
E

Yie 2 Xo. O
Lemma 3.6. Let I be an admissible ideal with the property (AP). If {P;}52, is a countable
collection of subsets of N x N such that P; € F(Iy) for each j, then there exists a set P C N x N
such that P € F(Z) and the set P\ P; is finite for all j.

Proof. Let Ay = N2\ Py, A, = (N2\ P,)\ (A1 UAy--- A1), m = 2,3,---. Evidently, A; € Tp
for each i, and A; N A; = () when i # j. Then, by property (AP) of Z, we conclude that there
exists a countable family of sets {B1, Ba,---} such that A;AB; is a finite set for j € N and

oo
B = U Bj € I,. Put P =N?\ B. It is clear that P € F(Z2).
j=1
Now we prove that the set P\ P; is finite for each i. Let jo € N be given. Since each A;AB;
(j=1,---,jo) is a finite set, there exists (ng, my) € N x N such that

Jo Jjo
UBjﬂ{(n,m) eN?:n>ng,m>mpy} = UAjﬁ{(n,m) eN?:n>ng,m>me}.  (4)
j=1 j=1
Jo Jjo
If n > ng,m > mp and (n,m) ¢ B, then (n,m) ¢ U Bj and, by (4), (n,m) ¢ U A;. Since
j=1 j=1
Jo—1 Jo—1
Aj, = (N2\ Pj) \ U Aj and (n,m) ¢ Aj, we have (n,m) ¢ U A;, and thus (n,m) € P;
j=1 j=1

for all n and m with n > ng, m > mg. Therefore, we get (n,m) € P and (n,m) € P}, for all
(n,m) € N? with n > ng, m > mg. This shows that the set P\ P}, is finite and the lemma is
proved. O

Theorem 3.7. Let Iy be an admissible ideal with the property (AP). Let (E,||.,.||) be a fuzzy
2-normed space and { X1} be a double sequence in E. Then {X;x} is an IL -convergent sequence

in E if and only if there is an E-convergent double sequence {Yji} such that {(j, k) € Nx N :
Xix #Yr} € Io.
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E
Proof. Suppose Xji =, Xj. For each n € N and a non-zero Z € E, let

Then A,, € F(Zs) for each n € N.

Since Zy is admissible ideal with the property (AP), by Lemma 3.6 there exists A C N x N
such that A € F(Z) and the set A\ A, is finite for each n. Observe that X;; —(4) Xo, i.e., for
each € > 0, there exists an integer ng = ng(¢) € N such that j, &k > ng and (j,k) € A implies
1 X1 — X0, Z|lg <e.

Define a sequence {Yj;} in E as
. { X, for (j,k) € A,

Yir =
J Xo, for (j,k) e (NxN)\ A.

The sequence {Yj;} is E-convergent to Xy with respect to the fuzzy norm on E. Thus we have
{(],k) eNxN: Xjk 75 Y]k} € Is.

Next suppose that {(j,k) € N x N : X, # Y} € Z and Y, — Xo. Let ¢ > 0 be given.
Then for each n and a non-zero Z € E, we can write

{J.k<n:|Xje—Xo,Zllg e} C{jk<n: X #YptU{jk<n:|X;— Xo, Z| > e}
()
Since first set on the right side of (5) belongs to Z, and the second set contain in a fixed number
of integers and thus belongs to Zp, we conclude that {(j,k) : j,k < n, || X, — XO,ZHO+ > e}
belongs to Zs. This achieves the proof. O

Now we prove a decomposition theorem for Z4-convergent sequences.

Theorem 3.8. Let { X} be a double sequence in a fuzzy 2-normed space (E,||., ||) and Iy be an
admissible ideal. If there exist two sequences {Yji} and {Z;,} in E such that X Y]k + Zjk;

Yji E-converges to Xo and supp(Zji) = {(j, k) e Nx N: Zj;, # 0} € Iy, then X]k —> Xo.

Proof. Let {Yj1} and {Zj;} be double sequences in FE as in the statement of the theorem and
H = supp(Zjx). Let ¢ > 0 and W € E be given. Since A1 = {(j,k) € N? : | Z; —6,W||0+ >
€/2} C supp(Zji) = H, we have A; € Zy. Further,

1 X8 = Xo, Wl = ¥k + Zjt =0 = Xo, W5 < [[¥e = Xo, WIi§ + 1 Zjx =0, Wllg
implies
{(: k) € N2+ | X0 — Xo, Wllg < e} D {(j, k) € N? 1 ||V, — Xo, WIIj < e/2}
{05 k) €N+ |1 Z = Dlly < 2/2)-
The sets on the right side are both in F(Zy), so that the set on the left side ia also in F(Zy).

IE
Therefore, {(j,k) € N?: | X, — Xo, W|§ > e} € Tp, L.e. X = Xo. O
Definition 3.9. Let (E, ||.,.| be a fuzzy 2-normed space. We say that a double sequence { X1}

mn B s I;E—convergent to Xg € E with respect to the 2-norm on E if there exists a subset
K:{(jm,k‘m)Ijl <j2<"' ;k1<k2<"'}CNXN
such that K € F(Iy) and E-limy, o || X}k, — X0, Z|| = 0 for each non-zero Z € E.

. . I*E
In this case we write X, 5 X.
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Theorem 3.10. Let (E ., .| be a fuzzy 2-normed space and Is be an admissible ideal. If

I*E
ng 2 Xo, then X; gk ———) Xg.

*

Proof. Suppose that X, Z—) Xo. Then by definition, there exists
K ={(Jm km) e NXN:ji <jo<-- ki <ka<---} € F(Iy)

such that E-lim,, oo || X,k —
E-limpy, o0 | Xj,,k,, — X0, Z]|| = 0, there exists ng € N such that ||X; &

m

Xo,Z|| = 0. Let ¢ > 0 and non-zero Z € E be given. Since
—XO,ZH(J)r < ¢ for

‘nL m

every m > ng. Since
A= {(m, km) € K | Xjb — X0, Z|lg > €}
is contained in
B = {j1,J2,"* , Jno—1; k1, ko, -+, kng—1}
and the ideal Zy is admissible, we have A € Z,. Hence

{(j,k) e NXN: || X}, — X0, Z|s >e} CKUBE€eTI

mkm

for € > 0 and nonzero Z € E. Therefore, we conclude that

IE
X]k —) XO
O
Theorem 3.11. Let Iy be an admissible ideal with the pmperty (AP) and (E,|., H be fuzzy

2-normed space and {Xjk} be a double sequence in E. Then X H Xo implies X, —> Xo.
IE
Proof. Let X, ~23 Xo. Then by definition, for every £ > 0 and a non-zero Z € E, there exists
an integer n = n(e) such that the set
B(e) = {(j;k) e Nx N: | X3 — Xo,Z||y > ¢} € T.
For m € N, we define the set P, as follows:
Py ={(j,k) e Nx N: || Xj; — Xo, Z||§ > 1}
and
. 1 n 1 .
Pm: {(j7k) eNxN: E < ”X]k_XO7Z||O < m}, formZ 2 in N.

It is clear that {Pi, Py,---} is a countable family of mutually disjoint sets belonging to Zs,
then by the property (AP) of Zy, there is a countable family of sets {Q1,@Q2, -} in Zy such
[ee)

that P;AQ); is a finite set for each j € N and @ = U Qj € Ip. Since @ € I, so there a set

j=1
B =N\ Q. To prove the result it is sufficient to show that X, — ) Xo. Let £ > 0 be given.
Choose an integer p such that ¢ > o . Thus, we have

. . 1
{(]ak) €ENXN: ||Xjk_X07ZHS_2£}g{(]vk)ENXN HX]k‘_X0>Z||8_ >m}

p+1

= Pn. (6)
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Since P, N @y, is a finite set for each m = 1,--- ,p+ 1, there exists (jo, ko) € N x N such that

p+1
m=1

p+1
= | Pnn{(,k) e NxN:j>jo, k> ko}.
m=1

p+1 p+1
If j > jo and k > ko and (j,k) € Q. This implies that (j, k) ¢ U Qm and so (j,k) ¢ U Pp,.
m=1 m=1

Thus for every j > jo and k > ko and (j,k) € B, from (6), we get || X —XO,ZHSL < &. This
shows X —p) Xo. This completes the proof. O

3.1. Z,-limit points and Z>-cluster points. In this subsection we introduce and consider the
notions of Zs-limit points and Zs-cluster points of sequences in a fuzzy 2-normed space.

Definition 3.12. Let {X;1} be a double sequence in a fuzzy 2-normed space (E,|.,.||) and Iy
an ideal on N x N. Then:

(1) an element W € E is said to be an Iy-limit point of {X;i} provided that there is a
set K = {(Gmokm) 11 < Jo < -+ 3k1 < ko < ---} C N XN such that K ¢ Iy and
limy, || X5,k — W, Z||(T = 0 for each a non-zero Z € E;

(2) an element Y € E is said to be an Ip-cluster point of Xj; if for each ¢ > 0 and a
non-zero Z € E, the set {(j,k) E NxN: || X;, =Y, Z||y < e} ¢ L.

We denote by £%; (Xjk) and C%; (Xjk) the set of all Z-limit points and Zp-cluster points of a
sequence {X,;} in (E,|.,.|]).
Theorem 3.13. Let Zy be an admissible ideal on N x N. Then for any sequence {Xji} in a
fuzzy 2-normed space (E, |.,.|)), we have LE (Xj1) C CZ (Xj1).
Proof. Assume that W € Eg (Xjk)- Then by definition there is a set K = {(jm, km) : j1 < jo <
<+ 3ky <kg <---} CNx N such that K ¢ Z, and

lim || X, k. — W,ZH(J)r =0 for each non-zero Z € E. (7)
m

Let € > 0 and non-zero Z € E be given. According to (7), there exists an integer ng = ng(e) € N
such that for each m > ng, we get || X; - W, ZHSr <e.
Thus, we have

KN\ A1 k)5 (ngs ko) } € {05, F) € Nx N2 [ X0, — W, 2§ <e}.
This implies that {(j,k) € Nx N: || X} - W, Z||(T < e} ¢ Iy. Hence W € CIEQ(Xjk). O

mkm

m km

TE
Theorem 3.14. Let { X1} be a double sequence in a fuzzy 2-normed space (E, |.,.||). If Xjx —
X(), then ﬁi (X]k) = CZEQ(X]]C) = {Xo}

IE
Proof. Assume that X 24 Xy. Then for each € > 0 and a non-zero Z € E, the set

{(j,k) e Nx N: || X, — Xo, Z||§ > ¢} € I,

that is
{(j,k) e Nx N: || X, — Xo, Z||§ < e} ¢ Io,
which implies that Xo € CE(Xy).
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We assume that there exists at least one Y € CIE2 (Xj) such that Yy # Xo. Then there exists

€ > 0 such that
{(:k) ENX N[ X = Yo, Z||§ <e} € {(j,k) € NxN: [ X — Xo, Z||g > e}
holds for each non-zero Z € E. But {(j, k) € Nx N: || X;, — Xo, Z||| > ¢} € T, implies that
{(j,k) € Nx N : || Xj — Yo, Z||§ < e} € T, which contradicts that Y, € CL (Xji). Thus we
have CIEQ (X]k) = {X()}
IE

On the other hand, from X, 25 Xy, by Theorem 3.7 and Definition 3.12, we have Xy € Ei.

By Theorem 3.13, we have £LZ (X;i) = C% (Xji) = {Xo}. O

Theorem 3.15. Let Zy be an admissible ideal on N x N. Then the set CJIE2 is closed in (E, ||, .]|),
for every double sequence { X} in E.

Proof. Let W € C71E2(Xj ). Let ¢ > 0 and a non-zero Z € E be given. Then there exists an
X € C£ (Xjx) N Uw(g,0). Choose n > 0 such that Ux,(n,0) C Uw(e,0). Obviously we have
{(,k) e NxN: || X, — Xo, Z||§ <n} C{(.k) e NxN: | X — W, Z||} < e}

This implies that {(j,k) € N x N : | X, — W, Z||J < e} ¢ To. Thus W € CZ ({Xj;,). Hence
Cg({Xjk) is closed in E. O

4. IF- aND Z3F-DOUBLE CAUCHY SEQUENCES IN FUZZY 2-NORMED SPACES

In this section we study the concepts of Zy-Cauchy and Zj-Cauchy double sequences in
(E,].,-]l). Moreover, we will study the relations between them. The investigation of ideal
Cauchy sequences (and nets) was done in [10, 13, 34].

Definition 4.1. Let (E, ||.,.||) be a fuzzy 2-normed space and Zy be an admissible ideal of N x N.
A double sequence { X} of elements in E is said to be
(1) an I¥-Cauchy sequence in E if for every ¢ > 0 and a nonzero Z € E, there exist
s = s(e),t =t(e) such that
{(j,k) e Nx N: || X} — Xg, Z||§ > €} € .
(2) an T3F-Cauchy sequence in E if for every e > 0 and a nonzero Z € E, there exists
K ={(jm.km) 1 <jo<---;ki<ka<---} CNxN

such that K € F(Iy) and {Xj, 1.} is an ordinary E-Cauchy sequence in E.

mkm

The next theorem gives a relation between ZZ°- and Z;#-double Cauchy sequences.

Theorem 4.2. Let (E, |.,.||) be a fuzzy 2-normed space and Iy be an admissible ideal of N x N.
If {Xji} is an Z3F-double Cauchy sequence, then {X;i} is an I¥-double Cauchy sequence.

Proof. Since {X,} be an T;F-double Cauchy sequence, for any ¢ > 0 and any non-zero Z € E,
there exist

K ={(Gm,km) 1 <jo<---3k1 <ka<---} € F(I)
and a number ng € N such that

1Kk = Xk ZII§ <€

for every m,p > ng. Now, fix p = jpo+1,7 = kng+1. Then for every ¢ > 0 and a non-zero Z € E,
we have
||X]mkm - Xp"”’ ZHJ <e
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for every m > ng. Let H =N x N\ K. It is obvious that H € F(Z;) and

A(E):{(j,k) eNxN: HX] _XP'”ZH(—)‘F Zg}
CHU{ji<jo<--;ki<ka<---} e

mkm

Therefore, for every € > 0 and non-zero Z € F, we can find (p,r) € N x N such that A(e) € Zs,
i.e., {Xj} is an ZF-double Cauchy sequence. O

Theorem 4.3. Let (E,|.,.||) be a fuzzy 2-normed space and Iy be an admissible ideal of N x N.
If a sequence {Xj} is IQE—convergent, then it is an IQE—double Cauchy sequence.

IE
Proof. Suppose that X, 23 Xo. Then for each ¢ >) and a non-zero Z € E, we have
A(e) ={(j.k) e NxN: || X5 — Xo, Z||§ > ¢} € Io.
Since 7 is an admissible ideal, there exists an (jo, ko) € N x N such that (jo, ko) ¢ A(e). Let

Al(g) = {(]v k) eNxN: HXjk - onk’ovZHg- = 25}'

Since |.,.||¢ is a 2-norm in the usual sense, we get
1 Xk = Xjoko» Zll3 < N1 Xk — X0, ZII§ + 1 Xjoko — X0, Z|I -
Observe that if (j, k) € Ai(e), then
HXjk — Xo, ZH:)_ + Honko — Xo, ZHS_ > 2e.

On the other hand, since (jo, ko) ¢ A(e), we have
Honko — Xo, ZH(—)I_ <e&.

So we can conclude that || X, — Xo, Z||J > €, hence (j, k) € A(e). This implies that A;(e) C
A(e), for each € > 0 and a non-zero Z € E. This gives A;(e) € Iy which shows that {X;} is an
T¥-double Cauchy sequence. 0

Theorem 4.4. Let (E,||.,.||) be a fuzzy 2-normed space, Iy an admissible ideal in NxN, {X;} a
double sequence in E, and App = {(j, k) € NxN: || Xjp — Xy, Z||§ > €}, where (n,m) € NxN.
If {X;r} is an IN -double Cauchy sequence, then for every € > 0, there exists B C N x N with
B € T, such that | X — Xy, Z||§ < e, for all (j,k),(1,t) ¢ B.

Proof. Let € > 0 and a non-zero Z € E be given. Set B = Ay, (5), where (n,m) € NxN. Since
{Xjr} be a double sequence in E, we have B € T and for all (j,k),(l,t) ¢ B, we get
£

(3
||X]k _ Xnma ZHS_ < 5 and ||Xnm - Xlt?ZHa_ < 9

Then we have || X, — X, ZH(J)r < g, for all (4,k),(l,t) ¢ B, by the triangle inequality, because
II.,.]| is a 2-norm in the usual norm. O

Now we will prove that Z3F-convergent implies Z&'-Cauchy condition in a fuzzy 2-normed
space.

Theorem 4.5. Let (E, ||.,.||) be a fuzzy 2-normed space and Iy be an admissible ideal of N x N.
If a double sequence { X1} is T3 -convergent, then it is an TL -double Cauchy sequence.
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Proof. By assumption there exists a set
K:{(jm,k‘m)Ijl <o < e ;k1<k2<"'}CNXN

such that K € F(Zy) and E — lim,, || X;
exists ng € N such that || X
m > ng. Since

ke — X0s ZHSr = 0 for each nonzero Z € E, i.e., there
—XO,Z||(T < ¢ for every € > 0, each non-zero Z € E and

mkm

m m

X e = Xk ZI <N X — X5 Zg + 1 Xk, — X0, 2|5

for every € > 0, each non-zero Z € E and m,p > ng, we have

1X

ks
i.e., {Xjx} is an Z;F-double Cauchy sequence in E. Then by Theorem 4.2, { X} is an Z¥-double
Cauchy sequence. O

Theorem 4.6. Let (E,|.,.||) be a fuzzy 2-normed space and Iy be an admissible ideal in N x
N with property (AP). Then the concepts I -double Cauchy sequence and I3 -double Cauchy
sequence coincide.

Proof. If {X 1} is an Z3F-double Cauchy sequence, then it is an Z-double Cauchy sequence by
Theorem 4.2 (even if 7y does not have the (AP) property).

So, we have to prove the converse. Let {X,;} be an Z¥-double Cauchy sequence. Then by
definition, there exists an jo = jo(g), ko = ko(e) such that

A(€) = {(]7 k) €NXN: ||X]/€ - X]ok()vZH(—)i_ > E} €Iy

for every € > 0 and non-zero Z € E.
Let P, = {(j,k) e Nx N: || X}, — KXo, Z|l < 1}, i=1,2,---, where s; = jo(1),t; = ko(2).

It is clear that P; € F(Zy) for i = 1,2,---. Since Z, has the property (AP), then by Lemma 3.6
there exists a set P C N x N such that P € F(Zy), and P \ P; is finite for all i. Now we prove
that

pim 1 X% — Xa, Z||§ = 0.

(4,k),(s,t)eP
To prove this, let ¢ > 0 and m € N such that m > % If (j,k),(s,t) € P then P\ P, is
finite set, so there exists r = r(m) such that (j, k), (s,t) € P for all j, k,s,t > r(m). Therefore,
| X5 — Xsmtm,ZHSr < Land |[Xq—X Z||§ < & for all j,k,s,t > r(m). Hence it follows
that

Smitm

1 Xk — Xot, ZI§ < 1Kk = Kot ZIIg + | Xt — Xs
< ¢ for all j,k,s,t > r(m).

Smtm7 mtm7Z”3_

Thus, for any € > 0 there exists r = r(¢) such that j, k,s,t > r(¢) and j, k,s,t € P € F(Z2)
X — Xat, Z|| <€

for every non-zero Z € E. This shows that {Xj;} is an Z3F-double Cauchy sequence in E. [
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5. CONCLUSION

In recent years the study of fuzzy numbers and fuzzy normed spaces related to convergence
has attracted a big number of works and a wide variety of approaches was developed. In this
paper we have focused on convergence of double sequences in fuzzy 2-normed spaces with respect
to an ideal on N x N and proved several results. We think that it may be interesting to make a
similar investigation for convergence of double sequences in 2-fuzzy 2-normed spaces and related

structures, as well as in (non-Archimedean) fuzzy anti-2-normed spaces.
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